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We investigate the charge fluctuations of a large quantum dot coupled to a two-dimensional
electron gas via a quantum point contact following the work of Matveev9,5. We limit our discussion
to the case where exactly two channels enter the dot and we discuss the role of an anisotropy between
the transmission coefficients (for these two channels) at the constriction. Experimentally, a channel-
anisotropy can be introduced applying a relatively weak in-plane magnetic field to the system when
only one “orbital” channel is open. The magnetic field leads to different transmission amplitudes
for spin-up and spin-down electrons. In a strong magnetic field the anisotropic two-channel limit
corresponds to two (spin-polarized) orbital channels entering the dot. The physics of the charge
fluctuations can be captured using a mapping on the channel-anisotropic two-channel Kondo model.
For the case of weak reflection at the point contact this has already briefly been stressed by one of us
in PRB 64, 161302R (2001). This mapping is also appropriate to discuss the conductance behavior
of a two-contact set-up in strong magnetic field. Here, we elaborate on this approach and also
discuss an alternative solution using a mapping on a channel-isotropic Kondo model. In addition we
consider the limit of weak transmission. We show that the Coulomb-staircase behavior of the charge
in the dot as a function of the gate voltage, is already smeared out by a small channel-anisotropy
both in the weak- and strong transmission limits.
I. INTRODUCTION
In the past few years a great amount of work has
been devoted to studying the Kondo effect in mesoscopic
systems1. A motivation for these efforts was the recent
experimental observation of the Kondo effect in tunneling
through a small quantum dot2,3. In these experiments
the effective (or excess) electronic spin of the dot acts as
a magnetic impurity.
A different set of problems relating the Kondo effect
to the physics of quantum dots is encountered when
studying fluctuations of the charge of a large Coulomb-
blockaded quantum dot. The setup we have in mind con-
sists of a large quantum dot coupled to a reservoir via a
quantum point contact (QPC) and capacitively coupled
(with a capacitance Cgd) to a back-gate (see Fig. 1). The
amount of charge on the dot can be changed through
the gate voltage VG. The term “large” implies that the
spacing ∆ of the energy levels on the dot (almost) van-
ishes and is much smaller than the dot’s charging energy
EC = e
2/(2Cgd). We assume that the capacitance be-
tween the two-dimensional electron gas (2DEG) and the
dot can be neglected.
There are two limits in which a mapping to a Kondo
Hamiltonian can be used to calculate the charge on the
quantum dot. These two limits roughly correspond to
the cases of very strong and very weak reflection at the
QPC. Before elaborating on this point we will here give
the standard multi-channel Kondo Hamiltonian
HK = HKin +
∑
α
[
Jα,zsα,z(0)S
i
z (1)
+ Jα,⊥
(
sα,x(0)S
i
x + sα,y(0)S
i
y
) ]
in a very general form to be used as a point of refer-
ence for later discussions4. Here ~S is an impurity spin
and ~sα(0) is the spin of conduction electrons with fla-
vor α at the place of the impurity. We will consider
only the two-channel case α = 1, 2. In the discussion of
the Coulomb blockade problem we will encounter Kondo
Hamiltonians which are both spin- (Jα,z 6= Jα,⊥) and
channel-anisotropic (J1,⊥ 6= J2,⊥).
Cgd
GV
2DEG x
y
dot
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FIG. 1. A large quantum dot is coupled to a 2DEG via a
quantum point contact. The number of electrons in the dot
can be controlled through the gate voltage VG. The auxil-
iary voltage Va can be used to open or close the point contact
and thus to adjust the reflection amplitudes for the transport
channels in the QPC.
We now want to return to the original problem and
first want to discuss the limit of weak tunneling between
the dot and the reservoir (strong reflection at the QPC).
For low enough temperatures (T ≪ EC) the charge on
the dot is quantized. When the gate voltage VG is in-
creased the charge on the dot changes in a step-like man-
ner. This behavior is referred to as a Coulomb staircase.
Charge fluctuations are important only for those values of
1
the gate voltage at which two neighboring charge states
(e.g. with n and n + 1 electrons on the dot) are energy
degenerate. Matveev demonstrated the equivalence of
the effective Hamiltonian describing the charge dynam-
ics close to such a degeneracy point to a spin-anisotropic
Kondo Hamiltonian5. If the dot and the reservoir are
connected by m transport channels with the same trans-
mission probability the problem can be mapped on a
channel-isotropic m-channel Kondo model6 with Jα,z = 0
and Jα,⊥ ≪ 15. The similarity of the charge dynamics on
the dot to the spin dynamics in a Kondo model was al-
ready observed by Glazman and Matveev in there discus-
sion on the conductance of a metallic grain (a quantum
dot) tunnel-coupled to two reservoirs7.
The limit of a point contact with one (electrons with-
out spin) or two (electrons with spin) transport channels
close to perfect transmission has also been treated. An ef-
fectively one-dimensional model for the dot-QPC system,
which makes it possible to calculate the total charge on
the dot using bosonization, was developed by Flensberg8
and by Matveev9. Matveev9 also calculated the dot’s ca-
pacitance as a function of the gate voltage and the reflec-
tion amplitude at the point contact. In his calculation he
demonstrated that the Hamiltonian of the original prob-
lem can be mapped onto a Kondo Hamiltonian in the
generalized Toulouse limit (J1,z = J2,z = 2πvF ). In this
limit the two-channel Kondo model is exactly solvable
as was shown by Emery and Kivelson10. It was one of
the main results of Ref. 9 that Coulomb blockade os-
cillations (accompanied by a logarithmic singularity in
the expressions for the charge or the capacitance close
to “half-integer” values of the number of electrons in the
dot) persist also in the limit of weak reflection, as re-
cently checked experimentally by Berman et al.11. They
are completely smeared out only if at least one transport
channel is at perfect transmission, the charge in the dot
then increases linearly with the gate voltage8,9,12. A re-
view of these results and more generally of interaction
effects in quantum dots can be found in Ref. 13.
Extending our previous work14 we here want to dis-
cuss the effect of a channel-anisotropy on the results for
the capacitance in the two limits of almost perfect trans-
mission and almost total reflection discussed above. We
will show that the Coulomb staircase behavior is smeared
out by a small channel anisotropy both in the weak and
strong reflection limit. We will concentrate on the case of
two transport channels. Channel-anisotropy then means
that the reflection (or transmission) amplitudes for the
two channels are different. Such a situation can be re-
alized applying a magnetic field to the sample. A weak
in-plane magnetic field leads to different reflection am-
plitudes for spin-up and spin-down electrons. In a strong
magnetic field electrons are spin polarized and the num-
ber of open channels in the QPC and their respective re-
flection amplitudes depend on the opening of the QPC.
The confinement potential at the QPC and thus its open-
ing can be tuned changing the auxiliary gate voltage Va
(see Fig. 1). In the limit of small reflection an intu-
itive physical picture for the transition from the channel
symmetric case9 to the case of a weak asymmetry be-
tween the two channels can be obtained14 from the use of
the channel-anisotropic two-channel Kondo model at the
Emery-Kivelson line15. This model has also been investi-
gated in Ref. 16. The two coupling constants of the asym-
metric Kondo model are directly related to the reflection
amplitudes of the two transport channels in the QPC. In
this paper we will elaborate on this mapping and discuss
its limitations. Although the physical picture associated
with the channel-anisotropic two-channel Kondo model
is very appealing, the Coulomb blockade problem in the
high transparency limit with two transport channels with
different reflection coefficients can also be solved through
a mapping on the channel-isotropic two-channel Kondo
model as we will show. Such a procedure was applied by
Matveev and Furusaki17 when they calculated the inelas-
tic cotunneling through a quantum dot strongly coupled
to two quantum point contacts with one transport chan-
nel each (electrons in a strong magnetic field). We will
see furthermore that in the case of tunnel-coupling (small
transmission) an asymmetry between transmission am-
plitudes of different channels will lead to a mapping of
the Hamiltonian on a channel-anisotropic Kondo model
with (J1,z = J2,z = 0).
Our paper is structured as follows: In a first part we
consider the weak coupling limit. We start by develop-
ing the model Hamiltonian in Sec. II. In Sec. III we dis-
cuss the mapping on the channel-anisotropic two-channel
Kondo model and use it to calculate the capacitance of
the quantum dot in a weak magnetic field. In the fol-
lowing section (Sec. IV) we show that the same results
can also be found from a mapping to a channel-isotropic
Kondo model and in addition look at the case of a strong
magnetic field applied to the QPC-dot system. In Sec. V
a simple scaling argument is used to rederive the main
(exact) results of Secs. III and IV. In Sec. VI, we will
show that the channel-anisotropic two-channel Kondo
model can also be used to discuss the conductance in a
two-contact set-up with a strong in-plane magnetic field.
The limit of small transmission through the quantum dot
will finally be considered in Sec. VII.
II. THE MODEL
We here consider a large quantum dot weakly coupled
to a 2DEG via a point contact9 (see Fig. 1). The shape of
the QPC is defined trough metallic gates put on top of a
2DEG. The lateral confinement potential in the QPC can
be controlled changing the voltage applied to these gates.
As a consequence of the lateral confinement the conduc-
tance of the QPC is quantized and electron motion in the
vicinity of the QPC is essentially one-dimensional. The
one-dimensional wave-function Ψnσ for motion along the
x axis is characterized by the spin index σ =↑, ↓ and the
(orbital) channel quantum number n due to the lateral
2
confinement18. Note, that from here on we will use the
word channel to mean electrons with a certain pair of
indices σ, n. As a short notation we introduce the chan-
nel index α = σ, n and we denote the wave-function of
an electron in this channel by Ψα. In the further anal-
ysis we neglect transport channels that are totally re-
flected at the QPC, since electrons from these channels
are confined to the reservoir and will not contribute to
the charging of the dot. We will concentrate on the case
where only two channels are open. This can be real-
ized in two different ways. If a weak (or zero) in-plane
magnetic field is applied (see Sec. III), the two channels
correspond to the two spin polarizations of electrons in
the lowest (n = 1) energy eigenstate of the lateral Hamil-
tonian (Ψ1 = Ψ
1
↑,Ψ2 = Ψ
1
↓). The role of the magnetic
field is to introduce an asymmetry between the reflection
coefficients for spin-up and spin-down electrons14. In a
strong magnetic field the electrons are spin-polarized and
the two-channel case corresponds to two orbital channels
entering the constriction (e.g. Ψ1 = Ψ
1
↑,Ψ2 = Ψ
2
↑); See
Sec. IV.
Since we are interested in energies much smaller than
the Fermi energy we linearize the spectrum around the
Fermi points. Furthermore it is convenient to decompose
the wave-function into a right-going and a left-going con-
tribution Ψα = exp(ikFx)Ψα,R(x)+exp(−ikFx)Ψα,L(x).
For two open transport channels the Hamiltonian for the
electrons in the point contact is
HKin = −ivF
∑
α=1,2
∫ ∞
−∞
dx
[
Ψ†α,R(x)∂xΨα,R(x) (2)
− Ψ†α,L(x)∂xΨα,L(x)
]
,
where the sum is over (open) quantum channels. Electron
interactions in the quantum dot are taken into account
via the Coulomb Hamiltonian
HC = EC(Q−N)2 − ECN2. (3)
The parameter eN = VGCgd is proportional to the gate
voltage and EC = e
2/(2Cgd) is the charging energy. In
addition we allow for a weak backscattering29 in the point
contact:
Hbs = vF
∑
α=1,2
|rα|
[
Ψ†α,R(0)Ψα,L(0) + h.c.
]
. (4)
The transmission is supposed to be globally adiabatic19.
The reflection amplitudes |r1| and |r2| can be tuned ap-
plying a voltage to the gates defining the QPC. The main
goal in the following will be to calculate the shift in the
ground state energy δǫ due to the backscattering in the
point contact. From the correction δǫ it is possible to
obtain the average charge in the dot and to dot’s capac-
itance via
〈Q〉 = CgdVG − ∂(δǫ)
∂VG
, (5)
C =
∂〈Q〉
∂VG
= Cgd − ∂
2(δǫ)
∂VG
2 .
To manipulate the Hamiltonian of the one-dimensional
interacting system we have introduced above, it is con-
venient to use the bosonization technique. Bosonizing
in the standard way we express the Fermi field operators
through the bosonic fields φα(x) and θα(x) and write
20,21
Ψα,R/L(x) =
1√
2πa
ei
√
pi(−pφα(x)+θα(x)). (6)
Here p = 1 for right-movers (R) and p = −1 for left-
movers (L). The bosonic fields obey the commutation
relations
[φα(x), θβ(y)] =
i
2
sgn(x− y)δα,β , (7)
[φα(x), ∂yθβ(y)] = iδ(x− y)δα,β,
[φα(x), φβ(y)] = [θα(x), θβ(y)] = 0.
In the new variables the kinetic energy takes the form
HKin = vF
∑
α=1,2
∫ ∞
−∞
dx
[
(∂xφα)
2
+ (∂xθα)
2
]
. (8)
To bosonize the Coulomb Hamiltonian we use the rela-
tion : Ψ†α,LΨα,L + Ψ
†
α,RΨα,R := −∂xφα/
√
π. The total
charge in the dot then is
Q =
∑
α=1,2
∫ ∞
0
dx
(
: Ψ†α,RΨα,R +Ψ
†
α,LΨα,L :
)
. (9)
The charge in the dot is now measured in units of e.
We neglect both finite size effects in the dot13,22 (sup-
posed to be ideal with no dephasing process) and meso-
scopic corrections to the capacitance Cgd
23,24. Express-
ing the charge in terms of the bosonic variables we obtain
Q = (φ1(0) + φ2(0)) /
√
π. The term at spatial infinity is
independent of the gate voltage; We choose φi(∞) = 0
in such a way that the total charge Q on the dot is zero
when N = 0. Consequently we get
HC =
EC
π
( ∑
α=1,2
φα(0)−
√
πN
)2
(10)
for the Coulomb Hamiltonian. In writing Eq. (10) we
have only considered theQ-dependent part of Eq. (3). Fi-
nally we also have to bosonize the backscattering Hamil-
tonian which leads us to
Hbs =
vF
πa
∑
α=1,2
|rα| cos
(√
4πφα(0)
)
. (11)
Now we introduce the new standard variables φc,s =
1√
2
(φ1(x) ± φ2(x)) and θc,s = 1√2 (θ1(x) ± θ2(x)) where
the positive sign belongs to the label c (charge) and the
negative sign belongs to s (spin). Note that in the case of
3
a strong magnetic field electrons are spin-polarized. The
index s then labels a “pseudospin” and not physical spin
states. The kinetic energy in the new variables has the
standard form of Eq. (8). The Coulomb Hamiltonian
HC =
2EC
π
(
φc(0)−
√
π/2N
)2
(12)
is a function of the charge field only which is the main
motivation for the introduction of this new set of vari-
ables. Furthermore we get for the backscattering part
Hbs =
vF
πa
(|r1|+ |r2|) cos
(√
2πφc(0)
)
cos
(√
2πφs(0)
)
(13)
− vF
πa
(|r1| − |r2|) sin
(√
2πφc(0)
)
sin
(√
2πφs(0)
)
.
We now introduce the charge fluctuation field φˆc(0) =
φc(0)−
√
π/2N . The total charge in the dot is pinned at
its classical value Qcl = φc(0) =
√
π/2N to minimize the
Coulomb energy. For weak backscattering |r1|, |r2| ≪ 1
and for energies below the charging energy we can aver-
age over the charge fluctuations φˆc(0). When averaging
over the term cos
(√
2πφc(0)
)
= cos
(√
2πφˆc(0) + πN
)
in Eq. (13) we obtain the expression
e−pi〈φˆc(0)
2〉 cos(πN) =
√
aγEC
vF
cos(πN). (14)
Here the angular brackets mean averaging with regard
to the ground-state of the free Hamiltonian Eq. (8). An
analogous expression can also be found for the term
sin
(√
2πφc(0)
)
in Eq. (13). When calculating the cor-
relator
〈φˆc(0)
2〉 = − 1
2π
ln
aγEC
vF
(15)
we have taken into account that only fluctuation modes
with energies larger than the charging energy EC can
enter into the dot. Here γ is defined through γ = eC
where C ≈ 0.577 is Euler’s constant. After the averaging
the backscattering part of the Hamiltonian can thus be
written as
Hbs =
√
γaECvF
πa
(|r1|+ |r2|) cos (πN) cos
(√
2πφs(0)
)
(16)
−
√
γaECvF
πa
(|r1| − |r2|) sin (πN) sin
(√
2πφs(0)
)
.
Using simple trigonometric relations the Hamiltonian
Eq. (16) can be rewritten in an alternative form17 as
Hbs =
√
aγECvF
πa
(
rei
√
2piφs(0) + r∗e−i
√
2piφs(0)
)
, (17)
where r is the complex parameter r = (|r1|eipiN +
|r2|e−ipiN )/2. The first form of the backscattering term
Eq. (16) will be used in Sec. III when discussing the two-
channel anisotropic version of the Kondo model, while
Eq. (17) will be useful as a starting point for the mapping
on the isotropic form of the two-channel Kondo model
(see Sec. IV). The charge part of the kinetic energy can
now be dropped since it is completely decoupled from the
perturbation due to the backscattering.
III. CHANNEL-ANISOTROPIC TWO-CHANNEL
KONDO MODEL
In this section we will concentrate exclusively on the
case where the reflection amplitudes |r1| and |r2| are very
close to each other. It is then convenient to introduce the
parameters |R| = |r1| + |r2| and |δr| = |r2| − |r1| where
|δr| ≪ |R| ≪ 1. For the sake of clarity we have split up
this section into three subsections. In the first subsection
we will discuss the relation between our problem and the
channel-anisotropic (two-channel) Kondo model14. In
the second subsection we will derive an expression for
the impurity correction to the ground state energy while
a physical realization of the case |δr| ≪ |R| ≪ 1 is dis-
cussed in the third subsection. There we will also explic-
itly calculate the charge in the dot and the dot’s capaci-
tance.
A. Equivalence to the Kondo Model
We will now see that our theory for the Coulomb
blockade problem can be mapped on the anisotropic
two-channel Kondo model at the Emery-Kivelson line
i.e. Jσ,z = 2πvF with σ = 1, 2. The solution of this
model15,25 is due to Fabrizio, Gogolin and Nozie`res15.
Introducing the auxiliary impurity-spin operators Sˆx
and Sˆy we rewrite the backscattering term (Eq. (16)) as
Hbs =
Jx
πa
cos
(√
2πφs(0)
)
Sˆx +
Jy
πa
sin
(√
2πφs(0)
)
Sˆy,
(18)
where the Kondo coupling parameters are defined
through
Jx = 2|R|
√
aγECvF cos(πN), (19)
Jy = 2|δr|
√
aγECvF sin(πN).
Starting with a standard Kondo model, we rather get
Jx ∝ (J1,⊥ + J2,⊥) and Jy ∝ (J1,⊥ − J2,⊥), where Jσ,⊥
denotes the transverse Kondo coupling of each conduc-
tion band channel with the magnetic impurity. The to-
tal Hamiltonian which we will denote HAEK is given by
HAEK = HKin(φs, θs)+Hbs(φs), where the kinetic term is
of the form Eq. (8). Both Sˆx and Sˆy can be considered as
good quantum numbers since their commutators with the
Hamiltonian HAEK are small close to perfect transmission
through the quantum point contact:
4
[
HAEK , Sˆx
]
∝ −i|R|Sˆz, (20)[
HAEK , Sˆy
]
∝ i|δr|Sˆz.
The impurity spin in HAEK can oscillate between the
two values Sˆx = 1/2 and Sˆy = −1/2. It is impor-
tant to note that the backscattering part of the total
Hamiltonian (Eq. (16)) and the coupling term of the two-
channel anisotropic Kondo model (Eq. (18)) are exactly
equivalent only in the channel symmetric case |δr| = 0,
since Sˆx and Sˆy do not commute. However, we will see
in the following section that the approximation made
in writing Eq. (18) is good as long as |δr| ≪ |R| or
N ∼ 0,±1/2,±1 . . ..
We now want to find the shift of the energy due to the
backscattering or, in the language of the Kondo prob-
lem, the impurity correction to the ground state energy.
To make further progress it is useful to refermionize the
Hamiltonian. The basic idea is to introduce a unique op-
erator ψ(x) such that cos(
√
2πφs(0)) ∝ ψ(0)+ψ†(0) and
sin(
√
2πφs(0)) ∝ ψ(0) − ψ†(0). Furthermore we use the
Majorana representation
√
2Sˆx = a = (d+ d
†)/
√
2, (21)√
2Sˆy = −b = (d† − d)/(i
√
2),
to express the spin-operators through fermionic opera-
tors. The d operators (d = a + ib) obey {d†, d} = 1 and
{d, ψ(x)} = 0. The (unusual) refermionization procedure
will be extensively discussed in Appendix A. There we
also give a precise definition of the new fermionic fields
ψ. After refermionization the kinetic energy takes the
standard form
HKin = −ivF
∫ ∞
−∞
dx ψ†(x)∂xψ(x), (22)
while the backscattering Hamiltonian is
Hbs =
iJx√
4πa
(
ψ(0) + ψ†(0)
)
b (23)
+
Jy√
4πa
(
ψ(0)− ψ†(0)) a.
So we finally arrive at a (standard) solvable resonant level
type of model for the two Majorana fermions a and b15,25.
B. Impurity corrections and scattering phase shifts
Our next step is to calculate the impurity corrections
to the ground state energy from the impurity Green’s
functions Ga = −〈Tτa(τ)a(0)〉 and Gb = −〈Tτb(τ)b(0)〉.
The Fourier transforms of these Green’s functions can be
found in a convenient way from the equations of motion
(cf. Appendix B). We get
Gk(ω) =
1
ω + iΓksgn(ω)
, (24)
where the label k is k = a, b. The width of the reso-
nant a(b) level Γa(Γb) is related to the respective Kondo
coupling constant Jy(Jx) via
Γa =
Jy
2
4πavF
=
ECγ
π
|δr|2 sin2(πN), (25)
Γb =
Jx
2
4πavF
=
ECγ
π
|R|2 cos2(πN).
The impurity correction to the ground state energy at
zero temperature is
δǫ = −
∫ EC
ωmin
dω
2π
ω (na(ω) + nb(ω)) . (26)
The occurrence of a high energy cut-off at EC in Eq. (26)
is an intrinsic property of the theory developed so far.
The low energy cut-off ωmin needs some additional ex-
planation. We can distinguish two different situations:
In the neighborhood of integer values of N the resonance
width Γa is negligibly small. Already at temperatures of
the order of Γb spin fluctuations will get pinned, since
the coupling constant Jx goes to strong coupling (com-
pare Sec. V).
a ΓΓ b
N
,
0.2 0.4 0.6 0.8 1
0.025
0.05
0.075
0.1
0.125
0.15
FIG. 2. The resonance energies Γa and Γb of Eq. (25)
are shown. The parameter |R| in Γb (full line) is |R| = 0.4.
The size of the resonance Γa grows with increasing anisotropy
and thus with increasing |δr|. The lowest (dotted) line in
the graph corresponds to |δr| = 0.1 the second lowest (short
dashes) to |δr| = 0.2 and the third (long dashes) to |δr| = 0.3.
The energies are measured in units of ECγ/π.
Very close to half-integer values of N however, we
have Γb ≪ Γa even though |δr| ≪ |R|. Thus the
coupling Jy will go to strong coupling before Jx and
spin fluctuations will be frozen at Γa. An expression
for ωmin that correctly reproduces these two limits is
ωmin = max{Γa,Γb}. The density of states nk(ω) of
impurity k in Eq. (26) is related to the corresponding
impurity Green’s function through
5
nk(ω) = −2Im{Gk(ω)} = 2Γksgn(ω)
ω2 + Γk
2 . (27)
With this expression for nk(ω) the integration in Eq. (26)
can easily be performed and we get
δǫ = − 1
2π
∑
k=a,b
[
Γkln
(
EC
2 + Γk
2
max{Γa,Γb}2 + Γk2
)]
. (28)
For most purposes it is sufficient to approximate this ex-
pression by the more simple form26
δǫ = − 1
π
(Γa + Γb) ln
(
EC
max{Γa,Γb}
)
. (29)
We have used Γk ≪ EC and have dropped an additive
constant. A quantity which is interesting is the scattering
phase shift (extracted from the Friedel sum rule)
δ(ω) =
1
2
∑
k=a,b
arctan
(
Γk
ω
)
(30)
of the conduction electrons ψ due to the impurity scat-
tering. In the channel symmetric case we have Γa = 0
and δ(ω ≪ Γb) = π/4. The Friedel sum rule can also be
rewritten Z = 2
∑
l (2l + 1) δ/π where Z is the impurity
charge screened by the electrons. For s-wave scattering
(l = 0) and Z = 1/2 we recover δ = π/4. The particular
value of δ can thus be understood as a consequence of the
fact that only “half” of the fermion d (the part a) is cou-
pled to the conduction electrons. In general, if both Γa
and Γb are finite we find δ = π/2 in the limit ω → 0 and
Z = 1 since now a and b are screened. Here, (even) for
a finite channel asymmetry, we still find δ = π/4 at the
fixed point because close to N = 1/2 we have Γb → 0 and
close to N = 0,±1 we have Γa → 0. This gives a physical
justification on the validity of the mapping in Sec. IV.
It is important to remember that the “spin-fermions” ψ
are not the real electrons but are related to the spin de-
grees of freedom of the original electronic wave-functions.
However, they play the part of the conduction electrons
of the real Kondo problem. In the case of spin-less elec-
trons (electrons in a strong magnetic field) and for a sin-
gle transmitted channel |r| ≪ 1 the scattering phase shift
of the real electrons is related to the average charge on
the dot via δ = π〈Q〉, again as a consequence of Friedel’s
rule. It was shown by Aleiner and Glazman13 that in the
one-channel limit this relation can be used to calculate
the impurity correction (see Eq. (35)) in an intuitive way.
The physics resembles closely the one of the one-channel
Kondo problem27.
C. Applications
The case |δr| ≪ |R| ≪ 1 can be realized in our
setup by applying a weak in-plane magnetic field. In
a non-zero field the reflection amplitudes |r1| and |r2| for
electrons with spin-up and spin-down are different due
to the Zeeman effect. The channel index α here dis-
tinguishes between spin-up and spin-down electrons in
the lowest orbital channel n = 1. The (original) elec-
tronic wave-functions for electrons in the two channels
are Ψα=1 = Ψ
n=1
↑ and Ψα=2 = Ψ
n=1
↓ . We first want to
consider the special case of zero magnetic field which was
solved by Matveev in Ref. 9. The reflection amplitudes
for the two channels, corresponding to spin-up and spin-
down electrons are equal (|r1| = |r2| = |R|/2) and thus
|δr| = 0. It follows from Eqs. (19) and (25) that Jy = 0
and Γa = 0. Furthermore from Eq. (25) we know that
Γb = |R|2γEC cos2(πN)/π. Calculating the energy with
Eq. (29) we find9
δǫ = +
γEC
π2
|R|2 cos2(πN)ln (γ/π|R|2 cos2(πN)) . (31)
The correction to the capacitance can then easily be cal-
culated using Eq. (5) and is found to be
δC = −2γEC |R|2β2 cos(2πN)ln
(
1
|R|2 cos2(πN)
)
. (32)
Here we have kept only the logarithmically divergent con-
tribution which will dominate all other terms close to
N = 1/2. The parameter β = e/(2EC) is the ratio of
the dimensionless parameter N and the gate voltage VG,
β = N/VG. This seems to be in agreement with the
recent capacitance experiment of Ref. 11.
Cδ
0.2 0.4 0.6 0.8 1
0.5
1
1.5
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2.5
N
FIG. 3. The correction to the capacitance Eq. (34)
is shown for different values of the anisotropy parameter
|δr| = |r2| − |r1|. The parameter |R| = |r1| + |r2| is set to
|R| = 0.4. The full line corresponds to the channel isotropic
case |δr| = 0 where the capacitance is logarithmically diver-
gent. In order of decreasing peak height the remaining three
curves correspond to |δr| = 0.1, |δr| = 0.2 and |δr| = 0.3.
The units of the capacitance are arbitrary.
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As we can see from Eq. (18) in the channel-symmetric
case only fermion b is coupled to the field ψ. If we al-
low for a weak magnetic field the reflection coefficients
for spin-up and spin-down electrons are slightly different
and |δr| 6= 0. As a consequence the Kondo coupling Jy
does not vanish anymore and both Majorana fermions a
and b are coupled to the bath. The total energy shift δǫ
from Eqs. (25) and (29) is found to be14
δǫ = +
γEC
π2
(|R|2 cos2(πN) + |δr|2 sin2(πN)) (33)
× ln (γ/πmax{|δr|2 sin2(πN), |R|2 cos2(πN)}) .
Due to the appearance of the max the logarithm does
not diverge anymore. Still it can be very large due to the
smallness of |δr| and the logarithmic term will dominate
in the capacitance (See Fig. 3):
δC = −2γECβ2
(|R|2 − |δr|2) cos(2πN) (34)
× ln
(
1
max{|δr|2 sin2(πN), |R|2 cos2(πN)}
)
.
We see from Eqs. (33) and (34) that an arbitrary weak
anisotropy between the two reflection coefficients is suffi-
cient to cut off the logarithmic divergence. At the degen-
eracy point N = 1/2, we find δC ∝ ln |δr|. There is some
analogy9 with the behavior of the magnetic susceptibility
of the impurity χ = ∂2(δǫ)/∂h2 away from the Emery-
Kivelson line15 and with that of the local magnetic sus-
ceptibility χl = ∂〈Sˆz〉/∂h at the Emery-Kivelson line
(the magnetic field h would only act on the impurity)25,
even though for weak backscattering at the QPC there is
no real correspondence between the charge in the dot Q
and Sˆz . From the two-channel anisotropic Kondo model
we see that the appearance of the second energy scale
which leads to the suppression of the divergence follows
in a natural manner from the coupling of the second Ma-
jorana fermion to the conduction electrons.
At this point it is also interesting to compare these
results to the result obtained in the case of a single
transmitted channel (reflection amplitude |r1| ≪ 1 and
|r2| → 1). Such a situation can be realized in a strong
magnetic field14 (spinless electrons) and was also treated
in Ref. 9. The energy-shift for this case is
δǫ ∝ |r1|EC cos(2πN) (35)
and therefore no logarithmic contribution occurs any-
more in the expressions for the charge and the capaci-
tance: We only get a periodic oscillation as a function of
the gate voltage.
In the next section we want to demonstrate that the
approximation made in writing Eq. (18) is justified. Fur-
thermore we will address the case of strong asymmetry
between the conduction channels.
IV. MAPPING TO A CHANNEL-ISOTROPIC
KONDO MODEL
We have seen in the last section that the backscatter-
ing term Eq. (18) is not exactly equivalent to the orig-
inal Hamiltonian Eq. (16). We will now justify the ap-
proximation made and will rederive the results we have
found from the two-channel anisotropic Kondo model in
an exact way, following in our derivation Furusaki and
Matveev17. The Section is structured in a similar way as
Sec. (III). The mathematical mapping will be discussed
in a first Subsection while a second short Subsection will
be devoted to the discussion of an application.
A. Mapping
As a starting point we use the form Eq. (17) of the
original backscattering Hamiltonian which we rewrite as
Hbs =
J0
2πa
(
rei
√
2piφs(0) + r∗e−i
√
2piφs(0)
)
Sˆx. (36)
Here r is the complex parameter r = (|r1|eipiN +
|r2|e−ipiN )/2 and J0 = 4
√
aγECvF . Exactly as in the
previous section we have introduced an auxiliary im-
purity spin Sˆx. The spin Sˆx is a good quantum num-
ber since it commutes with the total Hamiltonian (here
Sˆx = 1/2). It is important to note that therefore Eq. (36)
is exactly equivalent to the original expression Eq. (17).
Reformionizing as described in Appendix A gives
Hbs =
iJ0√
4πa
(
rψ(0) + r∗ψ†(0)
)
b, (37)
where we again use the Majorana representation for the
impurity spin. The Hamiltonian Eq. (37) is very similar
to the resonant level model that occurs in the solution
of the two-channel isotropic Kondo model at the Emery-
Kivelson line (compare Eq. (23) with Jy = 0). The im-
purity correction to the ground state energy can again
be obtained from the Green’s function. The propagator
for the impurity has exactly the form Eq. (24) with Γk
replaced by
Γ =
J0
2|r|2
4πavF
= Γa + Γb. (38)
The second equation can be verified by explicit calcu-
lation of the sum of the two resonance energies given
in Eq. (25). The impurity correction can be found from
Eq. (26) in the channel-symmetric limit. Furthermore the
density of states of the impurity was defined in Eq. (27).
Combining these expressions we find for the impurity en-
ergy
δǫ = − Γ
2π
ln
(
EC
2 + Γ2
2Γ2
)
≈ −Γ
π
ln
(
EC
Γ
)
. (39)
In the second equation we have used Γ≪ EC . It is now
clear that the use of the two-channel anisotropic model
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is justified whenever max{Γa,Γb} ≈ Γa + Γb. This con-
dition is certainly met when N is very close either to an
integer or to a half-integer value. Furthermore the range
of N -values for which the equation is approximately true
will be larger for stronger asymmetry between Γa and Γb
i.e. for a weak asymmetry between the reflection ampli-
tudes |r1| and |r2|.
In the two cases of electrons with spin in zero magnetic
field or with a weak magnetic field we have max (Γa)≪
max (Γb) and the channel-anisotropic Kondo model is
more convenient (See Fig. 2): In particular, the asymme-
try simply produces a new energy scale obviously affect-
ing the properties of the system close to the degeneracy
point N = 1/2. This also allows to make explicit links
with the small transmission limit (See Sec. VII).
B. Applications
We will now discuss a case for which the isotropic
model is particularly well suited. This is the case of
strong asymmetry between the reflection amplitudes of
the two transmitted channels. We assume that one of
the two channels is very close to perfect transmission,
e.g. |r1| → 0 and |r1| ≪ |r2| ≪ 1. Such a situation
can be reached in a strong magnetic field where the elec-
trons are essentially spin polarized. The number of open
channels and their reflection amplitudes can then be ad-
justed changing the voltage applied to the gates used to
define the QPC. The wave-functions for the electrons in
the two channels are Ψα=1 = Ψ
n=1
↑(↓) and Ψα=2 = Ψ
n=2
↑(↓) .
In the limit of interest here the energy δǫ with the help
of Eqs. (38) and (39) is found to be
δǫ =
γEC
π2
|r2|2 (1 + 2λ cos(2πN)) (40)
× ln ((γ|r2|2/π) (1 + 2λ cos(2πN)))
where λ = |r1|/|r2| is a small parameter. To leading
order in λ the correction to the capacitance is given by
δC = +8γECβ
2|r1||r2|ln
(|r2|2) cos(2πN). (41)
First we observe that at perfect transmission |r1| = 0
there is no signature of Coulomb blockade left as it is
expected8,5,13,28. Furthermore it is interesting to notice
that with one channel very close to perfect transmission
the Coulomb blockade oscillations are strongly reminis-
cent of the one-channel case, also discussed in Ref. 9.
V. RENORMALIZATION GROUP
FORMULATION
We will now show that the energy scales Γa and Γb
can also be found from a renormalization group treat-
ment. To do this we will use a similar argument as
was put forward in Ref. 13 which in turn is based on
Ref. 29. We will first discuss the channel symmetric case
|r1| = |r2| (electrons with spin and zero magnetic field).
The backscattering Hamiltonian for this case is given by
Hbs =
2|r1|
πa
√
aγECvF cos(πN) cos(
√
2πφs(0)). (42)
The basic idea of the renormalization group treatment
applied here is to calculate the partition function to sec-
ond order in the small parameter |r1| and to choose |r1|
as a function of the lattice step a in such a way that the
partition function remains invariant under the transfor-
mation a→ a′ = a exp(l). The correction to the partition
function due to the backscattering perturbation is
δZ = −
∫ β
0
dτ1dτ2〈Hbs(τ1)Hbs(τ2)〉 (43)
= − Jx
2
(2πa)2
∫ β
0
dτ1dτ2
a
vF |τ1 − τ2| .
Using the definition of Jx given in Eq. (19) it can be
seen that the partition function δZ is independent of
the lattice step a and thus |r1| is invariant under rescal-
ing. We now introduce a dimensionless parameter |r˜1| via
|r˜1| = Jx/vF . With the help of this parameter we can
rewrite the backscattering Hamiltonian in the standard
form
Hbs =
vF |r˜1|
2πa
cos(
√
2πφs(0)). (44)
From this we can see that |r˜1| = 4|r1|
√
γECa/vF cos(πN)
has the meaning of an effective reflection amplitude.
Since |r˜1| ∝
√
a|r1| it is clear that |r˜1| grows under the
renormalization a → a′ = a exp(l). The renormalization
flow equation for |r˜1| is given by
d
dl
|r˜1(l)| =
1
2
|r˜1(l)|. (45)
We can now integrate this equation from l = 0 (a′ = a)
to l = lc (a
′ = ac = a exp(lc)), where ac is the value
of a′ for which Jx ∝ |r˜1| departs to strong coupling,
that is |r˜1(a′)| ∼ 1. Integrating we get |r˜1(ac)|2 =
(ac/a)|r˜1(a)|2 = 1. The corresponding critical energy
scale is defined through
Ex,c ≈ vF /ac = vF |r˜1(a)|2/a = Jx2/(avF ). (46)
Comparing Eq. (46) to Eq. (25) we see that Ex,c is equal
to Γb up to a numerical factor. Further evaluation of
Eq. (46) gives
Ex,c = 16|r1|2γECa cos2(πN). (47)
Similar considerations can be used in the more gen-
eral case where |r1| 6= |r2|. Then we have to use e.g.
the backscattering Hamiltonian Eq. (16) as a starting
point. Expanding the partition function to the sec-
ond order in this perturbation (the small parameters are
|R| = |r1|+ |r2| and |δr| = |r2| − |r1|) we get
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δZ = −Jx
2 + Jy
2
(2πa)2
∫ β
0
dτ1dτ2
a
vF |τ1 − τ2| (48)
where the partition function is again independent of the
lattice step a. Furthermore it is important to note that
terms proportional to Jx and Jy do not mix in the ex-
pansion of the partition function up to second order.
For a small channel anisotropy, either the coupling
Jx or Jy grows under renormalization which gives rise
to two independent energy scales. The critical energy
for which Jx (Jy) departs to strong coupling is Ex,c =
Jx
2/(vFa) ∝ EC |R|2 cos2(πN) (Ey,c = Jy2/(vFa) ∝
|δr|2EC sin2(πN)). Of course we have recovered here,
up to a numerical factor the two energies Γa(∝ Ey,c) and
Γb(∝ Ex,c) (see Eq. (25)). More generally, using Eq. (48)
we find:
d
dl
(|R˜(l)|2 + |δ˜r(l)|2) = (|R˜(l)|2 + |δ˜r(l)|2), (49)
where we defined |R˜| = Jx/vF and |δ˜r| = Jy/vF . In the
case of a strong channel anisotropy, we deduce that the
effective coupling Jx
2+Jy
2 flows off to strong coupling at
the critical energy Ec = (Ex,c+Ey,c). Again, we recover
Ec ∝ Γ = Γb + Γa. For a small anisotropy, of course this
reduces to Ec ∝ max{Γa,Γb}.
VI. REALIZATION IN A TWO-CONTACT
SET-UP
Let us now briefly emphasize that the channel-
anisotropic two-channel Kondo model of Sec. III is also
well suited to discuss the conductance behavior of a two-
contact set-up a` la Furusaki-Matveev. In this setup
which is a natural extension of the geometry shown in
Fig.1 a single dot is coupled to two different electron
reservoirs via two point contacts. A back-gate or side-
gate is used to vary the Coulomb energy. The device is
illustrated in Ref. 17.
Let us start with a strong magnetic field such that
the electrons of each reservoir are fully polarized. We
obtain an effective two-channel model where α = 1(2)
now denotes the electrons of the left (right) QPC. Again,
we are mainly interested to the case of a small channel
anisotropy where reflection amplitudes at each contact,
namely |r1| and |r2|, are close to each other: |r1| < |r2| ≪
1. It is convenient to associate the centers of the two con-
strictions with the point x = 0, meaning that electrons in
the dot are described by Ψ1,L(R) at x > 0 and by Ψ2,L(R)
at x < 017. We introduce the variables φt and φc via
φ1 =
1√
2
(φt + φc), φ2 =
1√
2
(φt − φc), (50)
and similarly for θ1 and θ2. Typically, here φc is the
bosonic variable associated to the charge in the dot, while
φt is the one related to the current passing through the
dot. The main difference with the one-contact set-up is
that here the charge on the dot rather reads (note the
minus sign)17
Q =
1√
π
(φ1(0)− φ2(0)). (51)
It is straightforward to show that the backscattering
Hamiltonian is of the form of Eq. (16) or Eq. (18) with
φs replaced by φt, explicitely
Hbs =
Jx
πa
cos
(√
2πφt(0)
)
Sˆx +
Jy
πa
sin
(√
2πφt(0)
)
Sˆy.
(52)
The Kondo parameters are given in Eq. (19) where
|δr| ≪ |R| ≪ 1, and the kinetic energy for the sym-
metric charge mode HKin(φt, θt) is still of the form of
Eq. (8). Again, we insist on the fact that this mapping
is more intuitive than the one of Eq. (17) because the
anisotropy of the reflection coefficients is directly related
to the anisotropy between coupling parameters in the
Kondo model. In consequence, we have two independent
energy scales Γa and Γb. The behavior of the conduc-
tance close to the degeneracy point N = 1/2 becomes
really transparent.
In the absence of any backscattering, the system is
equivalent to two resistances 2πh¯/e2 (those of the two
QPCs) connected in series. Therefore the conductance is
G0 = e
2/(4πh¯). This is in fact still the case for finite bar-
riers in the symmetric case |r1| = |r2| at the degeneracy
point30, where both Jx and Jy are zero for N = 1/2. As
was found in Ref. 17 the conductance is still at its reso-
nant value G0 and the tails of the peak at N = 1/2 are
not Lorentzian: G ∝ (N−1/2)−4 due to the Jx coupling.
When |δr| is finite, from Eq. (52) we immediately see
that the asymmetry between channels engenders a finite
backscattering process at N = 1/2 (again, Jy ∝ |δr|):
Hbs =
Jy
πa
sin
(√
2πφt(0)
)
Sˆy, (53)
=
Jy√
4πa
(
ψ(0)− ψ†(0)) a.
This produces the same physics as a non-magnetic im-
purity in a Luttinger liquid with the Luttinger exponent
being g = 1/229. The problem becomes exactly solvable
using the refermionization procedure of Appendix A. In
particular, the current through the device takes the re-
quired form25:
I = evFψ
†(0)ψ(0). (54)
For temperatures T ≪ Ey,c and N close to 1/2, the ef-
fective potential scattering Jy (or the asymmetry param-
eter) diverges and the conductance then obeys25:
G(T ;N ≈ 1/2) = G0( T
Ey,c
)
2/g−2
∝ ( T
EcN2
)
2
, (55)
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where the second equation is true for g = 1/2. The en-
ergy Ey,c was defined in the last paragraph of the previ-
ous section. For non-symmetric barriers the conductance
peak height (like the capacitance peak height before) be-
comes strongly dependent on the finite asymmetry be-
tween reflection amplitudes at the QPCs (Fig. 4). This
naturally reflects the fact that the on-resonance behav-
ior of the system for N = 1/2 is very different if the two
barriers are not identical.
A simple explanation can be given using the channel-
anisotropic two-channel Kondo model. On resonance,
the small asymmetry inevitably grows under renormal-
ization. At low temperatures T ≪ max{Γa,Γb}, the
conductance behavior for all values of N is given by
G(T ;N) = G0( T
max{Γa,Γb})
2
≪ G0. (56)
This can also be rewritten as17
G(T ;N) ∝ (T
Γ
)
2
, (57)
where (See Eq. (38))
Γ ∝ (|r1|2 + |r2|2 + 2|r1||r2| cos(2πN)), (58)
even though this formula seems a little bit less intuitive.
In particular, the N-dependence of the conductance for
N ≈ 1/2 is less apparent. It is worth noting that the
quadratic temperature dependence is a universal prop-
erty of inelastic co-tunneling. But, close to N = 1/2 this
can also be interpreted as a nice manifestation of the
restoration of the Fermi-liquid behavior due to the finite
0 1 2
N
0
0.1
0.2
G
 / 
G
0
FIG. 4. Conductance in the two-contact set-up (in strong
magnetic field) as a function of N for different values of the
(small) anisotropy parameter |δr| = |r2| − |r1|. The parame-
ter |R| = |r1| + |r2| is here set to |R| = 7/10. The different
curves have been calculated for T/Ec = 1/50 and have been
normalized to G0. In order of decreasing conductance peak
height the different curves here correspond to |δr| = 0.2 (top),
|δr| = 0.25, |δr| = 0.3, |δr| = 0.35 and |δr| = 0.4 (bottom).
asymmetry between channels (like for the capacitance
problem).
Unfortunately, the present approach does not allow a
complete solution for the case of fermions with spin in
the two-contact set-up17. At zero magnetic field and for
completely symmetric barriers at the two QPCs, there
exists a mapping onto a four-channel Kondo model for
the Hamiltonian (which could help to compute thermo-
dynamical properties), but it is very difficult to rigorously
compute current-current correlation functions in the new
basis and then to extract the conductance behavior; The
current operator indeed exhibits an unusual form as in-
dicated in Appendix B of Ref. 17. Therefore, the height
of the conductance peak cannot be calculated in a rig-
orous manner even for completely symmetric barriers at
zero temperature. Furthermore, the mapping onto the
Kondo problem is only valid at (close to) N = 1/2. To
extend the (four-channel) Kondo mapping to the case of
(weakly) asymmetric barriers remains a challenging task.
VII. SMALL TRANSMISSION LIMIT
Having so far concentrated on the limit where the
quantum dot is strongly coupled to a reservoir through
a highly transmissive quantum point contact, we will in
this section consider the limit of weak coupling. The
similarity between the Coulomb blockade problem in this
limit and a Kondo model was noticed by Glazman and
Matveev7. An explicit mapping of the Coulomb blockade
Hamiltonian on a Kondo model was used by Matveev to
calculate the charge and the capacitance of the quantum
dot in the weak transmission limit5. Note that recently a
noncrossing approximation (NCA) has been generalized
to this type of multichannel Kondo models31.
We will here rederive Matveev’s mapping and discuss
the straight-forward extension of his model to the channel
anisotropic case. Again our discussion will be restricted
to the case of two transport channels through the point
contact. The anisotropy between the transmission ampli-
tudes for the two transport channels in the QPC will still
give rise to a mapping on a channel-anisotropic Kondo
model; But here, the system flows off to the usual spin-
isotropic fixed point, i.e., Jσ,⊥ = Jσ,z ≫ 0. We will see
below that the problem of calculating the average charge
〈Q〉 on the dot is now equivalent to the problem of find-
ing the average of the z-component 〈Sz〉 of the impurity
spin in the Kondo model. In addition the capacitance
of the dot is the same as the magnetic susceptibility χ
of the impurity. Once this equivalence is established the
problem is solved, since these quantities (〈Sz〉, χ) can be
found in the literature. The channel- and spin isotropic
multichannel Kondo problem was solved exactly in this
limit in Refs. 32,33, while the impurity-susceptibility for
the channel-anisotropic (but spin-isotropic) two-channel
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Kondo problem can be simply extracted from Ref. 34.
Note in passing that the channel-anisotropic case was also
solved (exactly) using Bethe Ansatz in Ref. 35; There, the
Wilson ratio is computed even in the case of a channel
anisotropy. This model has also been investigated using
conformal field theory and numerical renormalization-
group calculations in Ref. 36.
We will now proceed to writing down the model for
our system in the small transmission limit. Instead of
formulating it in momentum space as it was done by
Matveev we will here use a real space formulation which
allows us to stress the analogy with the corresponding
model in the strong transmission limit (see Sec. II). In
Appendix C, we will also address the question why the
mapping on the Kondo model can not be derived using
bosonization as it was done in Sec. III. In the previ-
ous section we have treated the backscattering as a small
perturbation to an otherwise perfectly transparent QPC.
In this section the perturbation is a tunneling Hamilto-
nian which couples two a priori independent systems (the
2DEG and the dot). A smooth transition can be made
from the strongly to the weakly coupled limit by con-
tinuously increasing the auxiliary gate voltage to pinch
off the QPC. In this transition a perfectly transmissive
one-dimensional channel n will be cut into two weakly
coupled halves. In the vicinity of the center of the QPC
electron motion is still quasi one-dimensional. Electronic
wave-functions to the left of the center of the QPC (in
the reservoir) will be denoted Ψnσ,0, wave-functions to the
right of the center (in the QD) are Ψnσ,1. Again σ is the
spin index, n the channel index due to lateral confinement
and here α = 0, 1 indicates the location of the electron.
Hopping between the two sides of the QPC constitutes a
small perturbation. To model this perturbation we use
the Hamiltonian
HT =
∑
σ=1,2
(
|tσ|Ψ†σ,1(0)Ψσ,0(0) + h.c.
)
. (59)
Note that the kinetic energies H0kin
(
{Ψ†σ,0,Ψσ,0}
)
and
H1kin
(
{Ψ†σ,1,Ψσ,1}
)
for electrons in the 2DEG and the
dot have the form of Eq. (22). The boundaries for the
integration along the x-axis are −∞, 0 in H0kin and 0,∞
in H1kin. The Coulomb interaction can be modeled as in
Sec. (II), Eq. (3) the charge on the dot being
Q =
∫ ∞
0
dx
(
Ψ†σ,1(x)Ψσ,1(x)− ρ0
)
. (60)
The equilibrium charge density ρ0 is chosen in such a
way that the total charge Q on the dot is zero when no
voltage is applied to the gate (VG = 0).
We now want to concentrate on the point N = 1/2
where the states with Q = 0 and Q = 1 are energy
degenerate (See Eq. (3)), and therefore charge fluctu-
ations are large. We introduce the small parameter
U = e/(2Cgd) − VG ∝ (N − 1/2) to measure deviations
of N from the degeneracy point. In terms of U the elec-
trostatic energies of the two states Q = 0 and Q = 1 are
E0 = 0 and E1 = eU respectively.
If the two conditions |U | ≪ e/Cgd and kT ≪ EC are
met only the two states with Q = 0 and Q = 1 are acces-
sible and higher energy states can be removed from our
theory introducing the projection operators P0 and P1.
Here P0 and P1 are projecting on the states Q = 0 and
Q = 1 respectively. The effective Hamiltonian for this
truncated system is
Heff =
(
H0kin +H
1
kin
)
(P0 + P1) + eUP1 (61)
+
∑
σ=1,2
(
|tσ|Ψ†σ,1Ψσ,0P0 + |tσ|Ψ†σ,0Ψσ,1P1
)
,
where the operators in the tunneling part are evaluated
at x = 0 (see Eq. 59). From this equation we see that
∂H/∂U = eP1 and therefore 〈Q〉 = ∂E0/∂U where E0 is
the ground-state energy of the Hamiltonian Eq. (61). It
can be shown that the Hamiltonian Eq. (61) is equivalent
to the Hamiltonian
HK =
∑
α=0,1
Hαkin + 2hSz (62)
+
1
2
∑
σ=1,2
(
Jσ,⊥
(
s+σ (0)S
− + s−σ (0)S
+
))
which has the form of a standard Kondo Hamiltonian.
The equivalence between the Hamiltonians Eq. (61) and
Eq. (62) was demonstrated by Matveev in Ref. 9. For
completeness we rederive this relation in Appendix C
taking channel anisotropy into account explicitely. In
Eq. (62) we have introduced the transversal Kondo cou-
pling parameters Jσ,⊥ = 2|tσ| and an effective external
magnetic field h = eU/2 ∝ (N − 1/2) applied along
the z axis. Note that Eq. (62) corresponds to the limit
J1,z = J2,z = 0 of Eq. (1). We have dropped the con-
stant eU/2 from the Hamiltonian in Eq. (62). Therefore
the ground state energy EK,0 of the Kondo Hamiltonian
Eq. (62) is related to the ground state energy E0 of the ef-
fective Hamiltonian Eq. (61) through EK,0+ eU/2 = E0.
Since 2〈Sz〉 = ∂EK,0/∂h and 〈Q〉 = ∂E0/∂U we are led
to the obvious identification
〈Q〉 = e
(
1
2
+ 〈Sz〉
)
. (63)
Combining Eq. (5) with U = e/(2Cgd) − VG we find for
the correction to the capacitance C = −∂〈Q〉/∂U ∝ χ =
∂〈Sz〉/∂h, where χ is the impurity susceptibility (Since h
only acts on Sz, χ is also equivalent to the local magnetic
susceptibility χl).
So we have now shown that a calculation of the capac-
itance of the quantum dot coupled to a 2DEG through
a QPC with two transport channels with different trans-
mission amplitudes is equivalent to a calculation of the
impurity susceptibility in the channel-anisotropic two-
channel Kondo model. It is known that both Jσ,z = 0
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and Jσ,⊥ ≪ 1 grow under renormalization and that for
small enough energies Jσ,z = Jσ,⊥ = Jσ ∝ |tσ| even if we
start from a spin-anisotropic Kondo model. The resulting
spin-isotropic Kondo model was solved in Refs. 32,33. In
the zero temperature limit the impurity susceptibilities
for the one-channel case and the two-channel isotropic
limit are
χ ∝
[
cst. J2 = 0,
log h J1 = J2.
(64)
Note that the susceptibility for the two-channel case di-
verges in the zero magnetic field limit. The channel-
anisotropic (but spin-isotropic) Kondo model was dis-
cussed e.g. by Coleman and Schofield34 (also by Andrei
and Jerez35 and by Affleck et al.36) who found for the
susceptibility at zero magnetic field (h = 0)
χ ∝ 1− log(ν)
ν − 1 , (65)
where the anisotropy parameter ν ∝ |δt|/T with |δt| ∝
|J1 − J2| and T ∝ (J1 + J2), is ν = 1 in the one-channel
limit (J2 = 0) and ν = 0 in the two-channel isotropic
limit. Eq. (65) thus reproduces correctly the main char-
acteristics of the result Eq. (64) in these two limiting
situations. From the results for the susceptibility we im-
mediately obtain the capacitance
δC ∝

 cst. J2 = 0,log(N − 1/2) J1 = J2,
log |δt| J1 6= J2, N = 1/2.
(66)
The results for the one-channel and the two channel
isotropic cases are due to Matveev9. The main obser-
vation we want to make here is that a small channel
anisotropy cuts off the logarithmic divergence exactly in
the same way as in the case discussed in the previous sec-
tions where the reflection amplitudes in the QPC could
be treated as small parameters.
VIII. CONCLUSIONS
We have applied the channel- (and spin-) anisotropic
two-channel Kondo model to study Coulomb blockade os-
cillations in the capacitance of a quantum dot. Our main
interest has been to investigate the effect of an asymme-
try between the reflection (or transmission) amplitudes
of different open channels in the QPC connecting the dot
to a reservoir. Following Matveev5,9 we have studied the
two exactly soluble limits of very weak (|t1|, |t2| ≪ 1) and
very strong coupling (|r1|, |r2| ≪ 1).
A summary of the results for the capacitance in differ-
ent limits is given in Table 1.
In both limits a mapping of the original problem onto
a Kondo model is possible. Remember that these re-
sults concern the limit of very low-temperature where
quantum fluctuations are prominent. At quite high tem-
perature, the Kondo physics gets destroyed by thermal
fluctuations9,13,22.
For weak backscattering at the point contact
(|r1|, |r2| ≪ 1) the original problem can be mapped14
on a channel-anisotropic Kondo model at the Emery-
Kivelson10 line (J1,z = J2,z = 2πvF ). For this partic-
ular value of the coupling constant the Kondo model is
exactly solvable. The anisotropy of the reflection am-
plitudes for different channels is directly reflected in the
channel-anisotropy of the Kondo model. In fact we found
J1,⊥ ∝ |r1| and J2,⊥ ∝ |r2|, where J1,⊥ and J2,⊥ are the
coupling constants for the two channels in the Kondo
model. The mapping allowed us to calculate the shift of
the ground-state energy of our Hamiltonian due to the
backscattering at the point contact and in turn to find
the capacitance of the quantum dot. While the capaci-
tance is logarithmically divergent for values of the gate
voltage close to N = n + 1/2 (n is an integer) in the
isotropic limit9 (|r1| = |r2|), this divergence is cut off by
a small anisotropy between the reflection amplitudes of
different channels14.
This can be interpreted as a manifestation of the
restoration of the Fermi-liquid behavior close to the de-
generacy points N = n + 1/2 due to the asymmetry be-
tween channels.
Note that a similar conclusion can be reached investi-
gating the conductance behavior in a two-contact set-up
in a strong magnetic field where |r1| and |r2| denote the
backscattering amplitudes at the two different point con-
tacts. The on-resonance behavior (G = G0 = e
2/2h) for
N = 1/2 is reduced for a small anisotropy between |r1|
and |r2|.
There are two intrinsic energy scales (Γb ∝ (|r1|+|r2|)2
and Γa ∝ (|r1|− |r2|)2) in the channel-anisotropic Kondo
model. Each can be interpreted as the resonance en-
ergy related to coupling half an impurity to the conduc-
tion electrons. In the channel-isotropic case only half the
impurity spin is screened by the conduction electrons.
Coupling back the second half of the impurity to the
conduction electrons leads to the emergence of a second
energy scale Γa. It is this new energy scale that en-
ters the expression for the capacitance and cuts off the
divergence at N = n+1/2. Unfortunately there is no di-
rect correspondence between the magnetic susceptibility
in the Kondo model and the capacitance of the quantum
dot. Such an equivalence exists only in the limit of small
transmission. It is true however that the behavior of the
capacitance (found from the Kondo model at the Emery-
Kivelson line) is reminiscent of the impurity susceptibility
χ = ∂2(δǫ)/∂h2 away from the Emery-Kivelson line or of
the local magnetic susceptibility χl = ∂〈Sˆz〉/∂h at the
Emery-Kivelson line.
In this paper we have extended our previous work14
deriving the mapping on the anisotropic Kondo model in
a pedagogical way and carefully discussing its limits of
validity. We have then given an alternative way for calcu-
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lating the charge on the quantum dot using a mapping17
on a channel-isotropic two-channel Kondo model. In this
approach the coupling constant is a complex parameter
depending on both |r1| and |r2|. While the latter ap-
proach has the advantage of being exact, it seems less in-
tuitive since the anisotropy of the reflection coefficients is
not directly reflected as an anisotropy between coupling
parameters in the Kondo model. We have in addition
used a simple scaling argument to recover the intrinsic
energy scales Γa and Γb that occur in the expression of
the capacitance.
We relied on purely mathematical arguments to show
the equivalence between the Coulomb blockade problem
and the Kondo Hamiltonian in the strong tunneling limit
(|r1|, |r2| ≪ 1). In the opposite limit |t1|, |t2| ≪ 1 the
similarity of these two problems can be understood us-
ing a comparably simple physical argument (see Ref. 9
and Appendix C). The main observation is that at low
enough temperatures T ≪ EC and for voltages close to
N = n+ 1/2 only two charge states on the quantum dot
are energetically accessible (e.g. Q = 0, Q = 1). The
charge state of the dot is then interpreted as a pseudo-
spin-1/2 degree of freedom which corresponds to the im-
purity spin in the Kondo model. The real spin of the
conduction electrons in the Kondo model is replaced by
an index α indicating the location of an electron (distin-
guishing between electrons to the left and to the right of
the QPC) in the Coulomb blockade problem.
A first order process in the Kondo problem that flips
the impurity spin from up to down and the spin of a
conduction electron from down to up is then equiva-
lent to a tunneling process that takes an electron from
the left to the right and changes the charge on the dot
from Q = 0 to Q = 1. The Kondo coupling parame-
ters simply are J1(2),⊥ ∝ |t1(2)| and J1(2),z = 0. As it
is clear from the derivation of the mapping there exists
an equivalence between the charge on the dot and the
impurity spin, namely 〈Q〉 ∝ 〈Sz〉. It was furthermore
shown that the capacitance is basically the same (up to
some constant) as the impurity susceptibility. Since the
model with J1(2),⊥ ∝ |t1(2)| and J1(2),z = 0 flows to
the usual spin-isotropic fixed point we have been able
to use the known result for the impurity susceptibility in
the channel-anisotropic two-channel Kondo model with
Jσ,⊥ = Jσ,z ≫ 034, to discuss the effect of channel-
anisotropy on the capacitance. Exactly as in the limit
of strong transmission the capacitance diverges in the
channel-isotropic case5, but the divergence is cut by the
anisotropy. Note that no immediate connection can be
made with the Kondo model at the Emery-Kivelson line
(J1(2),z = 2πvF ) which we obtained when treating the
small reflection limit.
Let us finally remind that all the results on the behav-
ior of the capacitance of the dot close to N = 1/2 have
been summarized in Table 1.
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APPENDIX A: REFERMIONIZATION
In this Appendix we want to elaborate on the unusual
refermionization procedure which we used in Sec. (III).
The backscattering part of the bosonic Hamiltonian to
be refermionized is given in Eq. (18). The kinetic energy
is of the form
HKin = vF
∫ ∞
−∞
dx
[
(∂xφs(x))
2
+ πs(x)
2
]
. (A1)
It will turn out to be convenient to use the field πs(x) in-
stead of θs(x) for the moment. The two fields are related
through πs(x) = ∂xθs(x). The commutation relations for
the fields φs(x) and πs(x) are [φs(x), πs(y)] = iδ(x − y),
[φs(x), φs(y)] = 0 and [πs(x), πs(y)] = 0. The basic idea
of the refermionization procedure is to introduce an op-
erator ψ(x) such that cos(
√
2πφs(0)) ∝ ψ(0)+ψ†(0) and
sin(
√
2πφs(0)) ∝ ψ(0) − ψ†(0). It is clear that for such
an operator
ψ(0) =
1√
2πa
exp(i
√
2πφs(0)). (A2)
In addition the operator must obey the usual fermionic
anti-commutation relations. Using the relation eAeB =
eBeAe[A,B] it can be seen that the obvious choice for ψ,
namely ψ(x) = (2πa)−1/2 exp(i
√
2πφs(x)) does not obey
anti-commutation relations. To construct a fermionic op-
erator we introduce the auxiliary fields
φ±(x) =
1√
2
(φs(x)± φs(−x)) , (A3)
π±(x) =
1√
2
(πs(x)± πs(−x)) .
In terms of these new fields the kinetic energy is
HKin = vF
∑
α=±
∫ ∞
0
dx
[
(∂xφα)
2
+ (∂xθα)
2
]
. (A4)
We thus arrive at a theory which is confined to positive
values of x. The advantage of this restriction becomes
clear when we introduce the two additional right-going
and left-going fields
ΦR,±(x) = φ±(x) −
∫ x
0
dy π±(y), (A5)
ΦL,±(x) = φ±(x) +
∫ x
0
dy π±(y)).
At x = 0 we have ΦR,+(0) = ΦL,+(0) =
√
2φs(0) and
also ΦR,−(0) = ΦL,−(0) = 0 which makes these fields
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candidates for the construction of our new fermions. The
backscattering Hamiltonian can be expressed through the
fields ΦR,+(x) and ΦL,+(x) only. There are in fact many
ways in which this can be done. However, we will soon
get rid of this ambiguity. The fields ΦR(L),−(x) occur
only in the kinetic part of the Hamiltonian and are thus
of little interest to us. Later on we will need the commu-
tation relations
[ΦR,+(x),ΦR,+(y)] = +isgn(x− y), (A6)
[ΦL,+(x),ΦL,+(y)] = −isgn(x− y).
For completeness we also give the correlation functions
GR(L) = 〈ΦR(L),+(x)ΦR(L),+(0) − ΦR(L),+(0)2〉 which
take the standard form
GR(L) =
1
π
ln
(
a
a± ix
)
. (A7)
The plus sign belongs to the label R while the minus sign
belongs to L. The kinetic energy in terms of these new
fields takes the form
HKin =
vF
2
∑
α=±
∫ ∞
0
dx
[
(∂xΦR,α)
2
+ (∂xΦL,α)
2
]
. (A8)
We now drop the ΦR(L),−(x) part of the kinetic energy
since it is not coupled to the backscattering term. To
refermionize the ΦR(L),+(x) part we introduce the oper-
ators
ψR(x) =
1√
2πa
ei
√
piΦR,+(x), (A9)
ψL(x) =
1√
2πa
ei
√
piΦL,+(x). (A10)
Using the commutation relations for the bosonic fields we
can verify that the fields ψR,±(x) and ψL,±(x) really are
fermions and obey
ψp,+(x)ψp,+(y) = −ψp,+(y)ψp,±(x), (A11)
where p = R,L. Note, that for x = 0 we have ψL,+(0) =
ψR,+(0)) (see Eqs. (A5) and (A9)) and there thus seems
to be more than one way to refermionize the backscat-
tering Hamiltonian Eq. (18). To lift this ambiguity we
reextend our theory on the full x-axis via the definition
ψ(x) = P
[
ψR(x) x > 0,
ψL(−x) x < 0. (A12)
In the above definition of the fermion ψ(x) (Eq. (A12))
we have introduced an additional phase factor
P = exp(iπd†d) = 1− 2d†d (A13)
to ensure that ψ(x) anticommutes with the spin operators
Sˆx and Sˆy written in terms of Majorana fermions d and
d† (cf. Eq. (21)). The second equality in Eq. (A13) holds
because d†d = 0, 1 at zero temperature. In the fermionic
operators we have defined above the kinetic energy fi-
nally takes the simple form given in Eq. (22) while the
backscattering part of the Hamiltonian is
Hbs =
Jx√
2πa
(
ψ(0) + ψ†(0)
)PSˆx (A14)
− iJy√
2πa
(
ψ(0)− ψ†(0))PSˆy.
Using Eqs. (A13) and (21) together with the commuta-
tion relations for the operators d and d† we can show that
PSˆx = −iSˆy and PSˆy = −iSˆx. With these relations we
recover Eq. (23).
APPENDIX B: GREEN’S FUNCTIONS
Although this is rather standard material (see e.g.
Ref. 25) we believe that it is useful to give a short
derivation of the Green’s functions Eq. 24. The Fourier
transforms of the impurity Green’s functions Ga(τ) =
−〈Tτa(τ)a(0)〉 and Gb(τ) = −〈Tτb(τ)b(0)〉 can conve-
niently be found from the equations of motion. We will
here only derive the correlation function for a, the cor-
relator for b can be found along the same lines. The
Hamiltonian HAEK = HKin +Hbs of our system is given
in Eqs. (22) and (23). The fields ψ and d = a + ib (see
Eq. (21)) obey standard fermionic anti-commutation re-
lations. Introducing the Majorana components of the
field ψ through z1(x, τ) =
(
ψ†(x, τ) + ψ(x, τ)
)
/
√
2 and
z2(x, τ) =
(
ψ(x, τ) − ψ†(x, τ)) /(i√2) we see already
from the Hamiltonian in Eq. (23) that a couples only to
z2. We introduce the additional propagator Gz2a(x, τ) =
−〈Tτz2(x, τ)a(0)〉. The equations of motion for the two
coupled correlators Ga(τ) and Gz2a(x, τ) are
∂τGa(τ) = −δ(τ) + i Jy√
2πa
Gz2a(0, τ), (B1)
∂τGz2a(x, τ) = +ivF∂xGz2a(x, τ) − i
Jy√
2πa
δ(x)Ga(τ).
To solve these equations it is best to go to Fourier space
making use of the relations
Ga(τ) =
1
β
∑
ωn
e−iωnτGa(ωn),
Gz2a(x, τ) =
1
β
∑
ωn
∫
dp
2π
e−iωnτ+ipxGz2a(p, ωn), (B2)
where the sum is over the fermionic Matsubara frequen-
cies ωn = (2n+1)π/β. To calculate the correlator Ga(τ)
we only need to understand the local physics in x = 0.
The local equations of motion in Fourier space are
iωnGa(ωn) = 1− i Jy√
2πa
Gz2a(ωn), (B3)
Gz2a(ωn) = i
Jy√
2πa
G(0)(ωn)Ga(ωn). (B4)
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To alleviate the notation we have introduced G(0)(ωn) =
−i sgn(ωn)/2vF . To find G(0)(ωn) we Fourier transform
the free electron propagatorG(0)(p, ωn) = (iωn − vF p)−1
with regard to p and take the limit x→ 0. Furthermore
we have defined Gz2a(ωn) = Gz2a(x = 0, ωn).
Substituting Eq. (B4) into Eq. (B3) we can solve for
Ga(ωn) and obtain
Ga(ωn) =
1
iωn + iΓasgn(ωn)
. (B5)
After an analytic continuation iωn → ω + iδ we recover
Eq. (24).
APPENDIX C: MAPPING TO THE KONDO
MODEL IN THE SMALL TRANSMISSION LIMIT
In this Appendix first we want to fill in the gaps be-
tween Eq. (61) and the Kondo Hamiltonian Eq. (62). Let
us consider the tunneling part of the effective Hamilto-
nian. The first term takes an electron from the 2DEG
and transfers it to the QD, the projection operator P0
makes sure that the charge on the dot is Q = 0 before
the tunneling takes place. The second term takes an elec-
tron from the dot to the lead. In our truncated system
this process is allowed only when the charge on the dot
is Q = 1. This restriction is implemented through the
operator P1. The main goal of the following manipula-
tions will be to show the equivalence of the Hamiltonian
Eq. (61) to a Kondo Hamiltonian.
To explicitly account for the charge on the dot we make
the replacement |Φ〉 → |Φ〉|Q〉. Here |Φ〉 is any state of
our system with chargeQ on the dot. The values of Q are
limited to Q = 0, 1 and the states |Q〉 = |0〉 and |Q〉 = |1〉
can be considered as the basis of a two-dimensional vector
space. However, the product |Φ〉|Q〉 is no tensor product
since the charge of the dot is of course not independent
of the system’s state. The state |Q〉 should rather be
considered as an auxiliary label to |Φ〉. In addition to
introducing the label |Q〉 we make the replacement
Ψ†σ,1Ψσ,0P0 → Ψ†σ,1Ψσ,0S+, (C1)
Ψ†σ,0Ψσ,1P1 → Ψ†σ,0Ψσ,1S−
in Eq. (61). Here S+ and S− are pseudo-spin ladder
operators acting only on the charge part |Q〉.
Since S+|Q = 1〉 = 0 and S−|Q = 0〉 = 0 these op-
erators ensure in the same way as the projection opera-
tors P0 and P1 that only transitions between states with
Q = 0 and Q = 1 take place. In addition the charge
Q on the dot is adjusted whenever a tunneling process
takes place since S+|0〉 = |1〉 and S−|1〉 = |0〉. We would
like to emphasize again that only the combinations of
pseudo-spin ladder operators and hopping operators in-
troduced above are meaningful since |Q〉 and |Φ〉 are not
independent.
To get rid of the remaining projection operators in
Eq. (61) we rewrite (eUP1) as [eU(P0+P1)/2+ eU(P1−
P0)/2]. We observe that
(P1 ± P0)|0〉 = ±|0〉, (C2)
(P1 ± P0)|1〉 = +|1〉.
This leads us to identify (P1−P0) with 2Sz and (P1+P0)
with the identity operator on the space spanned by |0〉
and |1〉. Here we used that for the z-component Sz of the
pseudo-spin we have Sz|1〉 = |1〉/2 and Sz|0〉 = −|0〉/2.
Gathering all terms we can rewrite the effective Hamil-
tonian Eq. (61) as
Heff =
(
H0kin +H
1
kin
)
+ eU(2Sz + 1)/2 (C3)
+
∑
σ=1,2
(
|tσ|Ψ†σ,1Ψσ,0S+ + |tσ|Ψ†σ,0Ψσ,1S−
)
. (C4)
We now introduce an additional pseudo-spin operator
s±σ (x) via
s+σ = Ψ
†
σ,0Ψσ,1 (C5)
s−σ = Ψ
†
σ,1Ψσ,0,
where the matrices σ± = σx± iσy are standard combina-
tions of Pauli matrices. It is important to note that these
pseudo-spin operators again have nothing to do with the
true spin of the electrons but are related to the location
of an electron (α = 0 for an electron in the 2DEG, α = 1
for an electron in the QD). Introducing the definition
of these pseudo-spins into Eq. (C3) finally leads us to
Eq. (62).
Finally, we want to show that in this limit the
bosonization approach does not allow us to precisely
build a pseudo-spin operator describing the dot from
the original tunnel Hamiltonian. For simplicity, we re-
strict the discussion to the case of spin-less fermions, i.e.,
we ignore the spin index σ. The main problem we en-
counter is that at x = 0 we have open boundaries, im-
plying that Ψ1(0) = Ψ0(0) = 0. Introducing right (R)
and left (L) movers as in Eq. (6), this is equivalent to
write, e.g. for the dot, Ψ1,R(0) + Ψ1,L(0) = 0. This has
the effect to pin the (charge) fields φ1 and φ0 at x = 0:
φ1(0) = φ0(0) =
√
π/2. Therefore, this provides us
Ψα,p(0) =
∓i√
2πa
ei
√
piθα(0). (C6)
From the form of the tunnel term (which can be rewrit-
ten either with Ψ1,R or with Ψ1,L) we would be tempted
to explicitly build the pseudo-spin operator in the dot,
as37
S+ = Ψ†1,R/L(0) (C7)
S− = Ψ1,R/L(0)
Sz = Ψ
†
1,R/L(0)Ψ1,R/L(0)− 1/2.
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However, due to the open boundary condition at x = 0,
the fermion operator Ψ1,R/L at x = 0 now only depends
on the superfluid phase θ1
29. Then, S+ would commute
with Sz and then ~S would not be a quantum spin object.
The only way to proceed in order to recover the (correct)
Kondo mapping is to introduce the extra label |Q〉.
∗ mail: klehur@serifos.unige.ch
† mail: seelig@kalymnos.unige.ch
1 For a short review see L. Kouwenhoven and L. Glazman,
Phys. World 14, 33, (2001).
2 D. Goldhaber-Gordon, H. Shtrikman, D. Mahalu, D.
Abusch-Magder, U. Meirav, M. A. Kastner, Nature, 391,
156, (1998); D. Goldhaber-Gordon, J. Go¨res, M. A. Kast-
ner, H. Shtrikman, D. Mahalu, and U. Meirav, Phys. Rev.
Lett. 81, 5225 (1998).
3 S. M. Cronenwett, T. H. Oosterkamp, and L. P. Kouwen-
hoven, Science, 281, 540, (2001).
4 For a review, see D. L. Cox and A. Zawadowski, Adv. Phys.
47, 599 (1998).
5 K. A. Matveev, Zh. Eksp. Teor. Fiz. 98, 1598 (1990)
[Sov. Phys. JETP 72, 892, (1991)].
6 Ph. Nozie`res and A. Blandin, J. Physique 41, 193, (1980).
7 L. I. Glazman and K. A. Matveev, Zh. Eksp. Teor. Fiz.
98, 1834 (1990) [Sov. Phys. JETP 71, 1031, (1990)].
8 K. Flensberg, Phys. Rev. B 48, 11 156 (1993).
9 K. A. Matveev, Phys. Rev. B 51, 1743 (1995).
10 V. J. Emery and S. Kivelson, Phys. Rev. B 46, 10 812
(1992); D. G. Clarke, T. Giamarchi, and B. I. Shraiman,
ibid. 48, 7070 (1993); A. M. Sengupta and A. Georges, ibid.
49, 10 020 (1994).
11 D. Berman, N. B. Zhitenev, R. C. Ashoori, and M.
Shayegan, Phys. Rev. Lett. 82, 161 (1999).
12 N. C. van der Vaart et al., Phys. B 189, 99 (1993).
13 I. L. Aleiner, P. W. Brouwer, and L. I. Glazman, cond-
mat/0103008.
14 K. Le Hur, Phys. Rev. B 64, 161302(R) (2001).
15 M. Fabrizio, A. O. Gogolin, and Ph. Nozie`res, Phys. Rev.
B 51,16088 (1995).
16 J. Ye, Nucl. Phys. B 512, 543 (1998).
17 A. Furusaki and K. A. Matveev, Phys. Rev. B 52, 16676
(1995).
18 M. Bu¨ttiker, Phys. Rev. B 41, R7906 (1990).
19 L. I. Glazman, G. B. Lesovik, D. E. Khmel’nitskii, and R. I.
Shekter, Pis’ma Zh. Eksp. Teor. Fiz. 48, 218 (1988) [JETP
Lett. 48, 239 (1988)].
20 F. D. M. Haldane, J. Phys. C 14, 2585 (1981).
21 M. P. A. Fisher and L. I. Glazman, in Mesoscopic Electron
Transport, edited by L. Kouwenhoven, G. Schoen and L.
Sohn, NATO ASI Series E, Kluwer Ac. Publ., Dordrecht;
also cond-mat/9610037.
22 I. L. Aleiner and L. I. Glazman, Phys. Rev. B 57, 9608
(1998).
23 M. Bu¨ttiker, H. Thomas, and A. Preˆtre, Phys. Lett. A 180,
364 (1993).
24 V. A. Gopar, P. A. Mello, and M. Bu¨ttiker, Phys. Rev.
Lett. 77, 3005 (1996).
25 A. O. Gogolin, A. A. Nersesyan, and A. M. Tsvelik,
Bosonization and Strongly Correlated Systems, Cambridge
University Press, (1998).
26 For ω ≪ Γk, the impurity density of states become
frequency-independent i.e. nk(ω) = 1/Γk: This explains
why the frequencies smaller than ωmin = Max(Γb,Γa)
donot contribute to the (main) logarithmic part of δǫ.
27 Ph. Nozie`res, J. Low Temp. Phys. 17, 31 (1974).
28 Yu. V. Nazarov, Phys. Rev. Lett. 82, 1245 (1999).
29 C. L. Kane and M. P. A. Fisher, Phys. Rev. B 46, 15 233
(1992).
30 N = 1/2 is generally the condition for resonant tunnel-
ing through a double-barrier structure: A. Furusaki and
N. Nagaosa, Phys. Rev. B 47, 3827 (1993).
31 E. Lebanon, A. Schiller, and V. Zevin, cond-mat/0110335.
32 A. M. Tsvelik and P. B. Wiegmann, Z. Phys. B 54, 201
(1984).
33 N. Andrei and C. Destri, Phys. Rev. Lett. 52, 364 (1984).
34 P. Coleman and A. J. Schofield, Phys. Rev. Lett. 75, 2184
(1995); For more details on the method, see: P. Coleman,
L. B. Ioffe, and A. M. Tsvelik, Phys. Rev. B 52, 6611
(1995).
35 N. Andrei and A. Jerez, Phys. Rev. Lett. 74, 4507 (1994).
36 I. Affleck, A. W. W. Ludwig, H. B. Pang, and D. L. Cox,
Phys. Rev. B 45, 7918 (1992).
37 L. I. Glazman, F. W. J. Hekking, and A. I. Larkin, Phys.
Rev. Lett. 83, 1830 (1999).
16
Nbr of channels Reflection or transmission coefficient Capacitance at N=1/2 Ref.
1 |r1| ≪ 1, (|r2| → 1) const. Ref. 9
2 |r1| = |r2| ≪ 1 − ln |N − 1/2| Ref. 9
2 |r1| 6= |r2| ≪ 1 − ln(|r2| − |r1|) Ref. 14, Secs. III-V
1 |t1| ≪ 1, (|t2| → 0) const. Ref. 5
2 |t1| = |t2| ≪ 1 − ln |N − 1/2| Ref. 5
2 |t1| 6= |t2| ≪ 1 − ln(|t1| − |t2|) Sec. VII
Table 1: We have here listed all the results for the capacitance of the quantum dot at N → 1/2 and the respective
references. The divergence occuring at N → 1/2 in the channel-isotropic two-channel limit is cut off by a channel
anisotropy for both weak and strong reflection at the QPC.
